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Introduction
The influence of homogeneous magnetic and elec tric fields on the thermal conductivity of polyatomic gases -Senftleben-Beenakker effect -has been the subject of intensive experimental investigations dur ing the last decade
The first theoretical explana tions of the effect go back to Kagan and Maksimov 7 and to Knaap and Beenakker8 who started with a generalized classical Boltzmann equation which took into account the internal rotational degrees of free dom of a molecule. In their treatment the effect is caused by a special type of non-equilibrium velocityangular velocity correlation, the so called Kagan polarization 7. The shape of the experimental curves which showed the change in the heat conductivity versus the ratio magnetic field strength/pressure could satisfactorily be explained but not the magni tude of the saturation values.
The internal rotational degrees of freedom should, however, be treated quantum mechanically rather than classically, in particular for molecules with widely spaced rotational levels, such as H2 , HD, D2 . An adequate treatment of the heat conductivity prob lem based on the quantum mechanical WaldmannSnider equation 9' 10 was first performed by McCourt and Snider11. This was followed by Levi tures. The results for the shape of the (H/p) depen dent curve A ljl(H --0) remained the same as in the classical case because also in the quantum mechani cal treatment the corresponding Kagan polarization had been taken as the decisive rotational angular momentum anisotropy term in the molecular distri bution function. This assumption is in good agree ment with experiments for all diamagnetic gases. On the other hand, there has been no attempt to ex plain the magnitude of the saturation value of [AX^jX(H = 0 )], e. g., from the quantum mechanics of molecular collision: This magnitude depends es sentially on the ratio of certain collision integrals of the linearized Waldmann-Snider collision term. Recently, a number of classical collision models, viz. rough spheres14' 15, loaded spherocylinders 16 and ellipsoids 17 have been used to calculate the corre sponding collision integrals.
It is the purpose of this paper to evaluate the Waldmann-Snider collision integral relevant for the Senftleben-Beenakker effect of the heat conductivity for p-H2 at room temperature. While n-H2 should be treated with the theory for gas mixtures 13, for p-H2 the pure gas kinetic theory can be applied.
The starting point for the calculation of the mag nitude of the Senftleben-Beenakker effect is a given nonspherical intermolecular potential. The desired collision integrals are proportional to certain tempe rature dependent effective cross sections which, in turn, are determined by molecular cross sections which describe the production of a second rank tensor polarization of the molecular rotational angular momenta in a collision. These "orientation cross sections" are related to the nonspherical part of the binary scattering amplitude and thus to the nonsphericity of the intermolecular potential18' 19. Since the calculation of the scattering amplitude from a potential is, in general, a difficult task, approxima tions have to be made. First, a simple model for the nonspherical H2 -H2 interaction is introduced which consists in regarding the molecules as nearly spheri cal rigid ellipsoids of revolution. The gas H2 has been chosen since in this case potential parameters are more easily available than in the other cases and the nonspherical part of the potential is especially small compared with the spherical part. The scatter ing amplitude (matrix with respect to magnetic quantum numbers) can therefore be calculated ana lytically in a first order distorted wave Born ap proximation. It proves sufficient to take into account only energetically elastic collisions for which the pertaining orientation cross sections are linear in the nonsphericity (the inelastic cross sections would be quadratic). The model is strictly valid only for temperatures above room temperature because an attractive part of the interaction has been neglected.
In this paper first the kinetic theory results for the Senftleben-Beenakker effect of the thermal con ductivity are briefly reviewed. Then the relevant collision integrals are discussed. A simple potential model is introduced for which the DWBA scattering amplitude and the orientation cross section Oq rot. K (which describes a coupling between the rotational heat flux and the Kagan polarization) is evaluated for 300 K and compared with the experimental val ue obtained by Hermans 3.
I. The Heat Conductivity Tensor
In the presence of a magnetic field the heat con ductivity of a polyatomic gas becomes a field depen dent second rank tensor1 (Senftleben-Beenakker ef fect). For a dilute gas of linear diamagnetic mole cules the form of this tensor can be derived from the linearized Waldmann-Snider equation using a Chapman-Enskog procedure11 or the moment me thod 13. The distribution function which obeys the Waldmann-Snider equation is a matrix with respect to the degenerate rotational states of the molecule. That is to say, it depends as well on J which is the dimensionless operator for the rotational angular momentum. The Senftleben-Beenakker effect is caus ed by this rotational angular momentum anisotropy of the distribution function. For linear molecules, the comparison between theory11-13 and experi ments 2-5 yields the result that the relevant moments in the distribution function are given by (the irredu cible parts of) the third rank tensor ("flux of the tensor polarization") «,<";. = (15 m/2 kB T0 (P (/2 -3/4)) 0) * (c;. Jfl Jv),
(1) where C is the molecular velocity, J J is the irredu cible second rank tensor built up from the compo nents of J , and (. . .)0 denotes an equilibrium aver age (equilibrium temperature T0) . The appropria tely normalized vector part of (1) is called the "Kasan-vector"
which expresses a special kind of nonequilibrium correlation between molecular velocity and rotatio nal angular momentum. The Kagan polarization couples (by means of the collisions) with the trans lational and rotational heat flux vectors. This cou pling gives rise to a change of the total heat flux compared with the monatomic case where the distri bution function does not depend on magnetic quan tum numbers. In an external homogeneous magnetic field the polarization is partially destroyed because of the precession of the magnetic moment which is connected with the rotational angular momentum. This process leads to a decrease in heat conductivity with increasing field strength. The detailed kinetic theory which is described in Refs. 11-13 yields the following expression for the heat conductivity tensor:
where l(H = 0), A® and cp can be expressed in terms of collision integrals of the linearized Wald mann-Snider collision term in the following way:
The angle cp is the angle of precession during a time r = l/coK; H = H h is the homogeneous magnetic field with direction h, y is the gyromagnetic ratio and p0 is the equilibrium pressure. The field dependent second rank tensor fßr{cp) is given by 11-13 /,"■(<?) = -10
where is the total antisymmetric isotropic third rank tensor.
h" h., + <P 1 +CD2 4 cp 1 + 4 qr £nh' ^X (7) In Eqs. (3) - (6), the quantities co(i tr, co^ , and ojk are the relaxation coefficients of the trans lational and rotational heat fluxes and of the Kagan vector; coq tr,K and £0<jrot,k are the coupling coeffi cients of the Kagan vector with the respective heat fluxes and crot is the rotational heat capacity per molecule at the equilibrium temperature T0 . In de riving Eq. (3) from the set of moment equations 13 use has been made of the fact that for linear mole cules with small nonsphericity the coupling between the translational and rotational heat fluxes can be negleoted 18, and that the relaxation coefficients of the irreducible parts of the flux of tensor polariza tion can be put equal to the common value coK .
According to results of the following chapters (cf. also Ref. 18 ) for homonuclear molecules with a small nonsphericity of their interaction, such as H2, D2, the coupling coefficient coq tr, K (which is mainly de termined by energetically inelastic collisions) can be neglected compared to coq rot K (which is mainly de termined by energetically elastic collisions). Thus Eq. (5) can be simplified in this case to give
i. e. the coupling between the rotational heat flux and the Kagan vector is decisive for the SenftlebenBeenakker effect. This can be understood as the quantum mechanical analogue to the classical elastic Kagan-Maksimov 7' 8 collision model. The relaxation coefficients coq tr, coq rot and o_> K can, up to terms quadratic in the nonsphericity, be expressed in terms of Chapman-Cowling 20 integrals r) (see the fol lowing chapter!). Then Eq. (8) becomes approxi mately / /2 5 ßCi.P Crot / \ 4 2) C' "ot Since the Chapman-Cowling integrals can be in ferred from the literature, the only unknown quan tity in the expression Eq. (9) is the coupling co efficient coq rot K . In the Appendix, some remarks are made on the low-temperature behaviour of (9).
II. Collision Integrals
In this section the collision integrals occurring in the expressions for the Senftleben-Beenakker effect of the heat conductivity are investigated. Instead of the co . . ' s effective cross sections o .. (temperature dependent and not necessarily positive) are used. They are defined by
where v0 = (8 kB T j n mre(j ) i s a mean thermal velocity and n0 is the equilibrium particle density. The effective cross sections of the relaxation coeffi cients are positive. They can, in the "spherical ap proximation" (the nonspherical part of the inter molecular potential being negleoted) be expressed in terms of Chapman-Cowling integrals 20' 21 which can be taken from the literature, viz.
For the coupling coefficients the "spherical approxi mation" cannot be made since it would yield zero values of the effective cross sections which are es sentially determined by the nonspherical part of the potential (see below). They can be written as 19
-y /^' -E , , ' ) ogl] . (14) For convenience, the connection with the notation used by MoCourt12 et al. is indicated 21a n _ n /1010N -.wlOOl-v _ " f 1200 \ öqtr = ÖU010;, °qrot = 0 U001 j ? = 0 ll200) > (15 a)
In Eqs. (13), (14), y and y are the magnitudes of the dimensionless relative velocities before and after the collision (unit vectors <?' and e of their respec tive directions). They are connected by energy con y2 + et + e2 = y'2 + <•/ + e2', where £ (/) = h 2 j (j + l)/2 0 kB T0 is the dimensionless rotational energy and Cj=£(/*!), £ / = £ ( / / ) , etc. The bracket symbol . .J denotes a weighted averaging over y and the postcollisional rotational quantum numbers j x, j2 as well as an inte gration over the angle of deflection # = arc cos(e • <?') and a summation over the precollisional rotational quantum numbers j 1 , j2 as follows:
In Eq. (16), F may be any function of y, and the rotational quantum numbers, and Q is the rotational partition sum. The decisive quantities in Eqs. (13), (14) are the "orientation cross sections" o^, o( el >l', öge'. They are defined by
and for and OgJA, e e has to be replaced by e ' e ' and e e' in Equation (17) . The quantity ahh>iiii is the single channel scattering amplitude (matrix with respect to the magnetic quantum num bers) on the energy shell for a collision process / / 4-j2-> ji + j 2 . It depends on e, e ' and the mag nitude of the relative velocity. The trace over mag netic quantum numbers is denoted by "tr". The quantities o^ . . . etc. are called "orientation cross sections" for the tensor polarization because they are a measure for the production of the e e . . . etc. components of the 2-nd rank tensor polarization of the molecular rotational angular momenta (jj) in a collision. They vanish in the case of a purely spheri cal potential since then the scattering amplitude is independent of magnetic quantum numbers and can be taken outside the trace in (17) ; the remaining trace of an ireducible tensor is zero.
In order to obtain the orientation cross sections, the scattering amplitude matrix has to be calculated from a nonspherical intermolecular potential. If the nonsphericity is small, this calculation can be done in first order distorted wave Born approximation (DWBA) 22 if the Schrödinger equation for scatter ing by the spherical part of the potential can be solved exactly. The corresponding scattering solu tions are the "distorted waves". The nonspherical part of the potential is then treated in first order per turbation theory. The DWBA scattering amplitude matrix is written as aH* = asph PM. ph'ii + a^onsph8' ,
where asph is the part of the scattering amplitude due the scattering by the spherical part of the po tential and Pij* is a two particle operator projecting on rotational angular momentum states18. If the nonspherical DWBA scattering amplitude anonsph* possesses an elastic part (which is always true for homonuclear diatomic molecules) then the orienta tion cross sections (17) are linear in the nonspheri city because of the interference of the spherical and nonspherical part of the scattering amplitude, viz.
trx tr2 {«>>>'* «« «t hi, J l J j Re{alvh tr± tr2 'h } •
On the other hand, for linear molecules, all energetically inelastic cross sections are quadratic in the nonsphericity. Furthermore, it can be shown18' 19 that in the elastic case (y' = y) one has e l^ = el^e'e' * el^eV', (20) so that the effective cross section oq tr. k least quadratic in the small nonsphericity whereas oq rot> k is linear. This is the reason why for the gases H2 and D2 the collision cross section aq tr> k can be neglected in the expression for the Senftleben-Beenakker effect. The validity of this statement has also been proved experimentally by Hermans5. In the elastic case, Eq. (14) can thus be simplified to give
The subscript "el" on the bracket denotes that y = y in (21) and the sum over rotational quantum numbers goes only over j x and j 2 ( ; / = j t , j 2 = j 2) . A simple nonspherical model potential for H2 (D2) will be introduced in the following chapter for which the first order DWBA scattering amplitude matrix, the orientation cross sections o^ , o^/, and, finally, the effective cross section aq rot> k can be evaluated.
III. A Simple Model for the Nonspherical Potential The Resulting Scattering Amplitude and Orientation Cross Sections
In order to calculate the DWBA scattering ampli tude Eq. (18) from a given nonspherical potential in an analytic way, the following simple model for a potential between H2 molecules is used: Let U be a unit vector in the direction of the molecular axis. The molecule (i. e. its electron cloud) is, in our model, approximated by a nearly spherical ellipsoid of revolution with axis U the surface of which can be approximated by the first two terms of a Legendre polynomial series Ra.{ U ,X )~( R j2 ) [ l+ 2 ß P 2(U-X)] • (22) In Eq. (22), JC is a unit vector pointing from the center of the molecule to the surface point under consideration, R0 is the mean diameter of the nearly spherical molecule and ß ^ 1 (which is certainly valid for H2 and D2) is the nonsphericity parameter denoting the deviation of the molecule from spheri cal symmetry. If the lengths of the principal axes of the ellipsoid are R0 + a/2, respectively, then ß = 2 a/3 R0 . Consider now two colliding H2 mole cules each of them being represented by an ellipsoid of revolution with surface described by Equation (22) . The intermolecular potential is, in our model, taken to be V0 = const if the ellipsoids touch or pene trate each other and zero if they are separate. In the limit oo (which will be performed later) this model corresponds to "nearly spherical rigid bodies". This type of scattering has also been studied by Curtiss and coworkers 23 but with a method and aim dif ferent from the following. The intermolecular poten tial can then be expressed as V{ut , u 2i r) = V0 0 (Ä(I*1S u 2, r) -r ) , (23) where Ä (u1, u 2, r ) = |R ,i(i*i,X i) -R so{u2,X2)\ (for U1, tl2, r, R sl, R so and R see Figure 1 ), 0 is the Heaviside step function, li1 and U2 are unit vectors in the directions of the respective molecular axes and V = r r = V, -r 2 is the vector connecting the centers of mass of both molecules, pointing from molecule 2 to molecule 1. 
With the use of Eq. (24) and the smallness of ß, an expansion of Eq. (23) in powers of ß up to linear terms yields
where
V2( r) = V 0R0ß ö ( r -R 0) .
Equations (25), (26 a, b) represent the nonspheri cal H2 -Ho potential to be used in the following for the analytic calculation of the first order DWBA scattering amplitude. Next, the value of ß has to be estimated. This can be done by calculating the electronic quadrupole moment Q0 of the H2 molecule and by comparing the result with the experimental value obtained by Harrick and Ramsey 24. For this calculation a nega tive charge distribution is used which is constant within the volume of the ellipsoid and zero outside. The result for small nonsphericity is -(Qo/e) = (6/5) ß R0K
With -(Qo/e) eX p = 0.33 A2 ±10% and a molecular diameter of R0 = 2.72 A (which was taken from the hard sphere viscosity cross section21) one obtains ß = 0.037 i 10%. Since this estimate for ß is rough, we take the value ß = 0.04 for our calculations. The order of magnitude of ß is certainly correct. Because in the above potential only the repulsive interaction has been taken into account, Eqs. (26 a) and (26 b) should not be used for calculations with temperatures below room temperature for which in the calculation of collision integrals also the attrac tive interaction is important.
Next, the elastic scattering amplitude, Eq. (18), is calculated from the nonspherical potential, Equa tions (25) , (26) . The spherical part, asph, is written in the usual partial wave expansion form 22 (the svmmetrization of the scattering amplitude because of Bose-Einstein statistics has not been taken into account) isph(k ,e '-e ) = 4 :7 1 {el01sin di 2 Y\m (e) Yim( e ') } ,
where h k = Ym T0 y is the magnitude of the relative wave vector and dj(k) are the phase shifts with respect to the scattering problem governed by the spherical potential Fsph(r). In the hard sphere limit V0-+ oo the phase shifts are given by the well known expression
where ji and n/ are the respective spherical Bessel-and Neumann functions, defined e. g. in Abramowitz and Stegun 25. The first order DWBA scattering amplitude matrix anonsph* which is connected with the nonspherical po tential Eq. 
The states |x (±)) represent the "distorted waves", i. e. ( r | "/kr)) = '/ u } (r ) are the scattering solutions of the Schrödinger equation (( -H2/2 mred) zfr + Fsph(r)) xi+) (r) = (h n * /2 m ieä) (r) ,
with the boundary condition of plane waves plus outgoing (incoming for " -") spherical waves at infinity. 
where the h^ = ji + i n\ are spherical Hankel functions of the first kind. Because one has Fu'(k) = Fi'i(k) in the elastic case (k' = k), Eq. (20) of Chapter II is valid.
With the help of Eqs. (17), (19), (28) - (37) can be expressed in terms of a Legendre polynomial series (where in the argument is the cosine of the scattering angle). We refrain from writing down these expressions be cause only the cross sections integrated over the scattering angle ft = (e, e') are needed in the expression for Oqrot, K-Using explicit formulae for the Racah and Clebsch-Gordan coefficients occurring we obtain after some labour: The expressions (39), (40) have to be inserted into Equation (21) . The j x-and /'^-summations can be fac tored out and must be performed numerically. Finally, the /-summation and the /-integration have to be done numerically as well. For the latter a Gauss-Hermite integration procedure 25 has been used. The con vergence of the /'-series is rapid so that the first four /'-values (0, 2, 4, 6) are sufficient. On the other hand, at room temperature 30 /-values have to be taken into account in order to obtain an accuracy of better than 1%.
IV. Comparison of Theoretical and Experimental Results
For the calculation of aq rot> k for p-H2 at 300 K according to Eq. (21) the values h 2/2 kB0 = 85.4 K, R0 = 2.72 Ä, and ß = 0.04 have been used. Because R0 has been taken from the classical hard sphere visco sity cross section and the ß value from the electronic quadrupole moment of the H2 molecule, no adjust able parameter appears in the calculation. The value of the rotational heat capacity per molecule at 300 K is croi/kB = 1.0885. The result of the calculation is Hence the agreement of theoretical and experimen tal values for the effective cross section oqr0t, k for p-H2 at room temperature is astonishingly good de spite of the simplicity of the potential used.
Finally the neglect of oq tr> k compared with aq rot> k can be justified as follows: From the WaldmannSnider collision integrals the equality of two im portant coupling cross sections can be derived 19 V^öqtr>K = atJ(T
where oVty is the coupling cross section of the fric tion pressure tensor and the tensor polarization. It can be extracted from the saturation value of the Senftleben-Beenakker effect for the viscosity which has been measured by Korving 26 , and which gives I |~0.02 A2. Thus one has | oq tr, K |«0.0116 A2 and the ratio j aq tr> yl!°<\ rot. k ! is 0.037 which is in deed of the order of magnitude of the nonspherioity parameter ß.
For an amended nonspherical potential which takes into account also the attractive part of the interaction, e. g. in the form of a square well in the spherical potential, the DWBA scattering amplitude could still be evaluated analytically. But the expres sions for the phase shifts and the radial integrals would become much more complicated and two ad justable parameters (depth and range of the well) would appear. This generalization has not yet been tried.
